In this work we provide a basic physical modeling of the spatiotemporal pattern of emulsification produced by chemical reaction-driven tip-streaming and observed by Fernandez and Homsy ͓Phys. Fluids 16, 2548 ͑2004͔͒. Features of this phenomenon-nonlinear autooscillations, a conical drop shape, tip-streaming, and droplet trajectory splitting-are addressed in this paper. In particular, the experimentally found regimes of self-sustained periodic motion and the transitions between them are explained with the help of a nonlinear relaxation oscillator model. An exact self-similar solution for the steady tip-streaming mode supports the suggested mechanism of a Marangoni-driven phenomenon. Finally, the ionic nature of the surfactant produced at the interface offers a reasonable explanation for the formation of a spray cone, which is due to repulsive electrostatic interactions between droplets. These features distinguish this phenomenon from standard tipstreaming.
I. INTRODUCTION AND BASIC PHENOMENA DESCRIPTION
The phenomenon to be discussed here was discovered by Fernandez and Homsy 1 in the course of pendant drop measurements conducted to determine the interfacial tension ͑IFT͒. Experimental observations were done under conditions of an acid/alkaline reaction taking place at the oil/water interface. This particular reaction is well studied in view of its importance in oil recovery, 2 since a low IFT resulting from the production of the surface active substance enhances this processes ͑cf. Donnan͒. 3 Thus, even though the pendant drop method 4 has been extended to transient and dynamic IFT measurements, 5 the discovered phenomena reveals its limitations, since the usual method assumes a uniform distribution of the surfactant along the interface. 6 As we will see, the phenomena imply the existence of significant concentration gradients.
The observed phenomenon involves three main features: ͑1͒ tip-streaming-the formation of a conical drop shape with pointed ends ͓cf. Fig. 1͑c͔͒ and ejection of very small, 4 m, droplets ͓cf. Fig. 2͑a͔͒ from the pointed ends; ͑2͒ nonlinear self-sustained oscillations-a periodic change of the drop shape from nearly hemispherical ͓Fig. 1͑a͔͒ to conical ͓Fig. 1͑c͔͒; ͑3͒ droplet separation-an organized motion, in which one ejected droplet moves to the right, while the subsequent one moves to the left ͓cf. Figs. 2͑a͒-2͑b͔͒.
The first effect ͑tip-streaming͒, to the authors' knowledge, has never been observed in systems with internal chemically driven flows, but readily occurs in externally imposed shear or extensional flows, like the four-roll mill device. 7 While a complete theoretical understanding of the tip-steaming phenomena is still lacking, its basic features are quite extensively studied experimentally ͑cf. the recent review by Stone͒. 8 Starting with experiments by Taylor, 7 it is known that drops with low viscosity relative to the ambient fluid, i.e., with viscosity ratio ϽO(0.1), can lead to the tipstreaming. Later experimental studies by de Bruijn 9 in simple shear flows distinguished two primary modes of drop breakup: a fracture mode occurring for pure fluids at a certain shear rate ͑equivalently, at a critical capillary number Ca c ), accompanied by the formation of satellite droplets; and tip-streaming, which takes place in the presence of surfactants and produces much smaller drops without satellites. The shear rates required for the last type of breakup in simple shear flows can be 2 orders of magnitude lower than for the fracture mode. In the case of extensional ͑straining͒ flows, the presence of surfactant may also significantly lower the critical capillary number ͑cf. Siegel 10 and Hu et al.
11
͒ from that for pure fluids studied by Acrivos and Lo. 12 While the effect of surfactants appears to lower Ca c , the limits of low ͑dilute͒ and high ͑saturated͒ concentrations of surfactant leads to Ca c corresponding to the pure liquid case as long as the relevant value of IFT is used. The last fact indicates the importance of surfactant gradients in the tip-steaming phenomena as elucidated by de Bruijn 9 for simple shear flows and by Eggleton et al. 13, 14 for extensional flows. However, the role of surfactant concentration gradients is yet not fully understood and thus admits alternative hypotheses. In particular, a qualitative explanation of the effect of surfactants in lowering critical capillary number given by de Bruijn 9 and Stone 8 is based on assumption of rigid ends of the drop due to swept surfactant, so that viscous stresses required for tearing the narrow regions away are lower. However, this explanation should remain valid at saturation concentrations as well, thus contradicting experimental observations and emphasizing the importance of surfactant gradients.
Our hypothesis, shown in Fig. 3 , refers to capillary breakup of a cylindrical jet. First, consider a clean interface case depicted in Fig. 3͑a͒ . Axisymmetric longitudinal disturbances inevitably yield ''trough'' and ''crest'' regions. The capillary forces in the trough regions tend to collapse the interface with a force F c , while the forces F r which tend to restore the cylindrical shape, have a radial component F r Ј that competes with F c . If the wavelength of instability is large enough, Ͼ2a, with a being a radius of the undisturbed cylinder, F r Ј cannot balance F c and collapse takes place.
This standard understanding of Rayleigh jet breakup indicates that when: ͑i͒ the tip of a thread is saturated with surfactant as shown in Fig. 3͑b͒ and ͑ii͒ there are gradients in surfactant concentration ͑surface tension to the left of the tip is higher͒, the restoring force F r and its radial component F r Ј are much weaker in view of the lower surface tension. This fact allows for much shorter unstable wavelengths, as found experimentally in Ref. 1, and for the smaller size of the droplets, which becomes close to the diameter of the thread. While this picture is based on static reasoning, dynamics comes into the mechanism of accumulation of surfactant in the tip region.
In systems which contain only a small amount of contaminant, tip-streaming stops when most of the surfactant is swept away, while systems with surfactant solutions can exhibit ever-continuing tip-streaming. Our system belongs to the latter class, because the chemical reaction provides a constant supply of surfactant, at least until the reactants are depleted.
It is worthwhile mentioning the apparent similarity of the observed cone shape of the drop in the bursting regime to Taylor cones. 15, 16 While the shape and bursting effects suggest an analogy to the phenomena of formation of stable cones in electrified liquid interfaces, the underlying physical mechanisms are different. As explained by Taylor ͑who assumed equipotentiality of the interface͒, the conical shape arises as a balance of normal stresses: the electrostatic pressure p E ϭ 1 2 ⑀ 0 E n 2 induced by the normal component of electrical field E n ͑the tangential component being zero in view of equipotentiality͒ equilibrates with the capillary pressure p ϭ cot ␣/r which varies inversely with the distance from cone tip, r, so that E n ϳ(/⑀ 0 r)
. In the case of gradients of the interfacial potential, the tangential component of electrical stresses ϳ⑀ 0 E n E can be either negligible or lead to swirling or nonswirling motion inside the Taylor cone ͑cf.
Hayati et al.͒
17 without influencing its self-similar conical shape. In our case, the conical shape is produced as a result of balancing both normal and tangent stresses, so that the predominant role is played by the gradient of surface tension. As a result, the cone shape results from nontrivial fluid motion both inside ͑which is analogous to that produced in Taylor cones by tangential stresses͒ and outside the cone.
The mechanism explaining the second effect ͑nonlinear self-sustained oscillations͒ consists of the basic sequence, triggered by (t) the first drop effect, named here in analogy with the first drop effect in the dripping faucet-detachment of a large drop under gravity leading to an extensional flow in the viscous oil. Under usual circumstances, this flow would attenuate due to viscous dissipation, but in this particular case it leads to: ͑i͒ sweeping surfactant towards the tip of a new pendant drop and, if the viscous extensional flow produced by the first drop effect is strong enough, deforming the interface up to formation of a pointed end, and ͑ii͒ bursting. The bursting ͑tip-streaming͒ in turn removes surfactant from the tip of the drop, and ͑iii͒ the surfactant concentration gradient between the top and the tip of the drop so created ͑sketched in Fig. 4͒ drives a Marangoni flow, which ͑iv͒ has the same effect as the first drop. Thus one has the following sequence: previously in different circumstances involving chemical reactions that produce surfactants. In particular, Dupeyrat and Nakashe 18 observed a macroscopic self-agitation in a quasiperiodic variation of interfacial tension in an oil/water system, in which a cationic surfactant is dissolved in the aqueous phase. Magone and Yoshikawa 19 studied the analogous system of an oil droplet situated in an aqueous layer of surfactant solution. The proposed mechanism for these selfsustained oscillations consists of a gradual formation of an interfacial monolayer of surfactant until a critical value of surface pressure is reached, followed by monolayer collapse and cationic surfactant migration into the bulk. This leads to an abrupt decrease of IFT and, therefore to the macroscopic motion of the drop accompanied by the change of the curvature of a certain part of the interface. As the monolayer forms again, the phenomenon repeats itself for 30-60 min. Another example of autooscillations was observed by Kovalchuk et al. 20 in a system where a droplet of a surfactant solution with limited solubility on a tip of a capillary under a free liquid surface dissolves in a container. The autooscillations in this case are attributed to a competition between diffusion and convection transport of the surfactant.
In general, nonlinear Marangoni-driven oscillations can be due to either concentration 20 or temperature gradients. 21 Our phenomenon belongs to the last subclass, when the surfactant is produced by chemical reaction. 18, 19 The only difference from previous works 18, 19 consists of developing a singularity at the interface which leads to surfactant transfer by tip-streaming. We develop a simple mass-spring mechanical model which predicts both modes of tip-streaming described above. In the model formulation we followed the same lines as in the analysis of a dripping faucet. 22, 23 The similarity of these two phenomena consists of nonlinear oscillations and singularity formation. However, the objectives in the analysis of the mechanical model of the dripping faucet are centered around its chaotic behavior, since after the original conjecture by Rössler, 24 it was found that its time delay diagrams exhibit period doubling and chaos as the flow rate changes. With a few recent exceptions, numerous works ͑cf. de Innocento and Renna 25 and references therein͒ on this relatively simple system 26 are restricted to a relaxation oscillator ͑cf. original works by Shaw and Martien et al.͒ 23 -a phenomenologically motivated equation-instead of treating the hydrodynamics in a rational way. Rational models became possible due to the one dimensional slender-jet approximation of the axisymmetric Navier-Stokes equations, 27 and an approximate overall energy description in Lagrangian variables. 28, 29 Neither of these approaches is applicable in our case for obvious reasons. As a result, we follow the historical way of model development starting with the simplest mechanical model. Of course, this approach does not provide any details on the shape and pinch-off, but nevertheless gives important insight into the basic physical processes.
The third effect ͑droplet trajectory splitting͒ is the most subtle one, which makes this particular tip-streaming different from the classical one ͑in which the jet is ejected along the extensional axis and droplets do not experience any kind of trajectory splitting͒. Our hypothesis in explaining this phenomenon is based on the ionic nature of the surfactant, which, in view of particular size of the pendant drop and droplets, provides a repulsive electrostatic interaction sufficient to explain the experimentally observed speeds of the sideways motion of droplets.
The paper is organized as follows. In Sec. II we provide the general set of governing parameters, their magnitude, and their role in the phenomena. Then we perform a basic overall energy analysis and formulate and analyze a mechanical model of nonlinear oscillations. In the second part of this section we deduce a self-similar solution which helps to understand the flow pattern when tip-streaming takes place. It also happens to be important in the discussion of the electrokinetic mechanism of droplet trajectory splitting, to which Sec. III is devoted.
II. PENDANT DROP DYNAMICS
We first identify the characteristic nondimensional parameters which govern the behavior of the system. Since the system does not involve any external mechanical motion, but nevertheless exhibits observable macroscopic motion, one needs to define the characteristic speed, U 0 , and Weber ͑or effective Reynolds͒ number
As it is easy to deduce from the analysis of Marangonidriven flow due to a surface tension gradient, the boundary layer near the interface of some characteristic length D, which is here understood as the pendant drop diameter 0.4 mm, has the following scales for the thickness and speed:
where 0 is a reference interfacial tension, and the dynamic viscosity. With such a scaling for U 0 one can estimate the effective Reynolds number. In Table I 
which is of the order of that observed experimentally. 1 The above parameters characterize the hydrodynamic properties of the system. Its chemical properties, important for our purposes, are best described by the production rate constant R 0 which follows from nonequilibrium Langmuir-type sorption kinetics
where k is a kinetic rate constant, K eq an equilibrium constant, C RO Ϫ the bulk-phase concentration at the interface, ⌫ RO Ϫ the surface-excess concentration, and ⌫ max the surfaceexcess saturation concentration. Therefore, the production rate is estimated as
Ϫ5 mol m Ϫ2 s Ϫ1 and ⌫ max /R 0 essentially represents a characteristic time scale.
In order to understand the complexity of the phenomenon it is sufficient to look at the energy balance for the whole system. Neglecting the effect of a free ͑gas-liquid͒ surface and assuming ͉ (2) Ϫ (1) ͉Ӷ (1,2) , the energy balance reads ͑with the standard notation͒
where the left-hand side represents a sum of kinetic and potential energy ͑surface tension and gravitation with ϭge k x k being a potential͒, the first term on the right-hand side is a viscous dissipation term ͑ is the viscous stress tensor͒, while the remaining terms provide an energy supply due to production f of surfactant of concentration ⌫ as well as energy storage and dissipation due to surface stretching " s •v s , inflation " s •v n , and surfactant transport. Given the complexity, it is not feasible to perform reliable phenomenological modeling of these terms as done, for example, in the problems of a liquid drop spreading on a solid surface 31 and of the damping of shape oscillations of liquid drops. 32 Therefore we pursue a classical mechanical approach in order to predict the basic properties of the phenomena.
A. Relaxation oscillator model
In analogy with the simple mechanical model for the dripping faucet proposed by Martien et al. 23 we formulate the dynamics of the pendant drop in terms of the evolution of a geometric point x at the axis of symmetry, at which one can apply Newton's second law. This model consists of a mass of the pendant drop M , pulling on a spring with a spring constant k. We take M ϳD 3 /12 in view of the added mass effect, and for simplicity we neglect the change of pendant drop mass due to droplet ejection, which corresponds to a quasisteady approximation. This is justified by the 2 orders of magnitude difference between sizes of the droplets; d ϭ6 m, and the pendant drop Dϭ0.4 mm. Since the pressure difference between the inside and outside of the drop ϳ D and ␦xϳD, we conclude that k(⌫) has the meaning of a surface tension and is approximated here by a simple state equation k(⌫)ϭ 0 •(1Ϫ⌫/⌫ max ). 33 For the forcing we assume the surfactant concentration to grow linearly with time with chemical reaction rate R, which is a control parameter in our case. The forces involved include: gravity, M g with gӍ9.8 m s Ϫ2 being the gravitational acceleration, friction due to the fact that the fluid is viscous, Ϫb (dx/dt), with b as a friction coefficient, and a linear restoring force Ϫkx produced by the spring. When the surfactant concentration ⌫ reaches a critical value ⌫ c , its magnitude is suddenly reduced by ⌬⌫, which in reality is a function of ⌫ c , x c , but for simplicity we use ⌬⌫ϭ⌫ c , which implies that all surfactant is removed in the process of tip-streaming. The resulting mathematical model reads
⌫ϭ⌫ c Ϫ⌬⌫, when ⌫ϭ⌫ c . ͑9͒
The difference between our model and the ''dripping faucet'' problem is a discontinuity of a spring constant as opposed to mass; hence, the reaction rate is a control parameter instead of flow rate. Using the following scalings: 
On physical mechanisms
we arrive at the nondimensional version of the oscillator model
⌫ϭ⌫ c Ϫ⌬⌫, when ⌫ϭ⌫ c , ͑13͒
where the reference reaction rate R 0 is defined above and the constants
are estimated as c 1 ϭ10 4 , c 2 ϭ10 7 , and c 3 ϭ2ϫ10 5 . The ratio R/R 0 is taken as the physical control parameter, which can be changed by different means, e.g., by varying the concentrations or reactants.
System ͑11͒ has been integrated numerically for a wide range of the parameter R/R 0 ͓1,2000͔ with the discontinuous surface excess behavior shown in Fig. 5͑a͒ producing four general types of dynamics of the pendant drop:
͑1͒ Slow reaction, R/R 0 ϭ1. Gradual stretching of the drop occurs until ⌫ reaches saturation, followed by a ͑quite stiff͒ relaxation to the original equilibrium shape, as shown in Fig. 5͑b͒ . The time scale of the nonlinear oscillations is identical to the period of discontinuous oscillations of ⌫ and, for the conditions of Table I , has an estimate Tϭ⌫ max /Rϳ3 s. ͑15͒
͑2͒ Moderately fast reaction, R/R 0 ϭ100. This regime still exhibits oscillations, but an increase of reaction rate leads to smoothing of the relaxation part of the oscillations, as shown in Fig. 5͑c͒ .
͑3͒ Very fast reaction, R/R 0 ϭ2000. A further increase of R leads to a quasisteady tip-streaming state, so that the shape is distorted just slightly, as shown in Fig. 5͑d͒ , with the amount of the removed surfactant being fixed. The observed size and quantity of droplets is the same as in the nonlinear oscillation regime. Physically, this situation corresponds either to Ӎ0 over the major part of the cone and a Marangoni flow localized around thread region, or to the macroscopic Marangoni flow under conditions that the adsorption flux to the interface and the flux due to tipstreaming are of the same order.
͑4͒ Very fast reaction, R/R 0 ϭ2000, no dissipation, c 1 Ӷ1. In the situation analogous to ͑3͒, but with negligible dissipation, one can observe pendant drop oscillations with a period which is much larger than that of ⌫, as one can observe in Fig. 5͑e͒ . Physically, the reduced dissipation can be reached either by the lowering of the ambient liquid viscosity, or by switching to mode ͑3͒, since the absence of the macroscopic oscillations also leads to friction reduction.
For comparison we provide the experimental data on the evolution of the tip position with time in Fig. 6 . The oscillation period and wave form of these oscillations are well modeled by ͑11͒ with the appropriate choice of parameters, as in Fig. 5͑b͒ . As one can observe, this simple nonlinear oscillator model is capable of capturing qualitatively all four regimes of the pendant drop dynamics observed experimentally. In addition to the general dynamics inferred from the model, further simple reasoning leads to the following crite- ria: the oscillatory motion occurs if either: ͑a͒ the shear rate is strong enough to lead to formation of a cone and bursting, so that the interface concentration becomes locally dilute and thus is able to accumulate new surfactant molecules, or ͑b͒ the reaction is not too fast, so that within the time of filling the interface with new molecules, the new Marangoni flow is developed with sufficient shear rate.
B. Self-similar solution for a steady tip-streaming regime
While in the general case of nonlinear oscillations it is not feasible to obtain analytical solutions, the case of steady tip-streaming admits a significant simplification due to the existence of self-similarity in view of the nearly perfect conical shape of the pendant drops ͑analogous to that of Taylor cones͒. 16 This solution can also be interpreted as intermediate asymptotics for other regimes when tip-streaming is observed, since for the period of time when small droplets are emitted the pendant drop takes a conical shape.
Since the experimental observations suggest that the solution behaves in a self-similar fashion, we ground our analysis on this assumption, which is equivalent to seeking solution of the Navier-Stokes equations of the form given by Eq. ͑17͒ below. This form must also be compatible with the boundary conditions, including conditions at the interface. While the details are omitted, it is easy to demonstrate that strict similarity requires media of equal densities, and either ϵ0 or ϳz Ϫ1 . Therefore, by the transformation p i ϭBo i
•zϩp i , iϭ1,2, one scales out the hydrostatic component of the pressure. Also, for simplicity, we disregard the inertia effects in the water phase since we are interested in the flow pattern in the oil phase, and consider
We 1 ,We 2 Ӷ1, ͑16͒ so that one can work with the Stokes approximation in both phases. However, accounting for nonlinear inertia effects, which are present in our case since We w ϭ10 4 , is straightforward with the only difference that the solution can be found only numerically: one needs only to remark that for high enough Weber numbers one can expect nonexistence of a self-similar solution in view of generation of swirl such as in the Taylor cone problem. 34, 35 Under these conditions, the self-similar solution is defined by
where, as will be shown below, ⑀ϭ min , xϭcos , and ⌿ is a Stokes stream function in a spherical coordinates ͑refer to Fig. 7͒ xЈϭr sin cos , yЈϭsin sin , zЈϭr cos , ͑18͒
with ͓0,͔, ͓0,2͔. As one can notice, it belongs to the class of convergent flows, such as Jeffrey-Hamel and Taylor cone solutions, but the interfacial tension gradient effect leads to significantly different boundary conditions. In practice, there is always some deviation from self-similarity, but it can be constructed via perturbation expansions in terms of variations of ␦Bo and ␦. Also, the particular form of the interfacial tension dependence is an idealization of reality and suggested by the experimentally observed self-similar behavior: variable rates chemical reaction along with convection creates a distribution of close to ͑17͒. Deviations from this law can be accounted for asymptotically through actual material behavior and surfactant transport equations. However, here we are interested in the fundamental structure of the solution and thus we do not account for these adjustments. The most important deviation from self-similarity is due to its breakup, which inevitably takes place since ͑17͒ is unbounded as z→0. Nature, as one can infer from experiments, usually resolves this singularity either by forming a rounded tip ͓cf. Fig. 1͑b͔͒ , when capillary forces dominate shear stresses, or by forming a thread ͓cf. Fig. 1͑c͔͒ , when shear stresses dominate capillarity. Since surface tension is always bounded, min ϽϽ max ͑cf. Fig. 4͒ , the solution ͑17͒ breaks down when zϳO( min ). Substitution of ͑17͒ reduces the standard biharmonic equation for ⌿ to
Since twice the mean curvature equals
where ⌰ is a cone angle, the dynamic boundary conditions yield (ϭcos ⌰) The kinematic condition is trivial and contained in the above conditions for xϭ ͑cone surface͒. Integrating Eq. ͑19͒ three times yields
the solution of which is given by
Application of the boundary conditions gives the final solution
The streamlines are as shown in Fig. 8 . The existence of self-similar solution ͑17͒ provides direct support for the proposed mechanism for self-sustained Marangoni phenomena and emphasizes that the conical shape of the pendant drop is a dynamic effect as opposed to Taylor cones, which are static. The slight divergence of the streamlines from the axis of symmetry away from the cone tip is due to viscous diffusion. One might conjecture that this streamline divergence may be responsible for the observed droplet trajectory splitting. However, the same diffusive effect must take place in tip-streaming experiments with externally imposed flows, but no trajectory splitting has been observed ͑cf. Ref. 8͒. Thus, there must be some other mechanism responsible for that, which will be discussed in Sec. III.
III. DROPLET DYNAMICS
The system under consideration is a water drop pendant in the oil phase with an acid-base reaction at the oil-water interface. Here we would like to unravel the primary mechanisms that distinguish the phenomena of tip-streaming in this case from the standard one occurring in shear or extensional flows. Two primary differences-the absence of an independent external flow and the presence of a chemical reactionare responsible for the flow pattern shown in Fig. 9 . While the origin of the flow along the interface and axis of symmetry is discussed in Sec. I, the observed droplet trajectory splitting ͑cf. Fig. 9͒ is not explained by the generated flow since the angle of the cone, in which the droplet trajectories lie, is of the same order as the pendant drop cone angle ϳ78°͑see clearly demonstrate that the droplets' trajectories are straight, thus indicating the absence of any swirling. Therefore, here we consider an alternative mechanism for the droplet trajectory splitting. The velocity of the droplets has two origins: one is due to Marangoni convection and the other is due to an unspecified repulsive force ͑the role of gravity is negligible here͒. As it will be shown, this force takes its origin in the electrostatic interaction induced by the ionic nature of surfactant. For an exact calculation of the forces involved in this phenomenon, one needs to solve a complete hydroelectro-chemical problem. However, if one is just interested in orders of magnitude, the problem admits a very simple analysis which is given below.
While the details on the chemistry of the reaction at the oil-water interface between linoleic ͑fatty͒ acid and sodium hydroxide can be found in Ref. 36 , we provide some basic facts sufficient for understanding the electrostatic aspects of phenomena ͑cf. Fig. 10͒ . The reaction is
where it is assumed that recombination of H ϩ and HO Ϫ and that of Na ϩ and RO Ϫ dominate any others. In particular, the last interfacial reaction produces a tight, undissociated sodium salt, so that the insoluble surfactant becomes surface inactive. This salt partially remains at the interface and partially diffuses into the oil phase. Reaction ͑33͒ is, on one hand, responsible for the substantial variation of interfacial tension ͑from 35.0 mN/m for clean interface case to the low magnitude 1-2 mN/m; see Ref. 36 and references therein͒. This in turn allows the Marangoni stresses to create substantial shear flow along the interface as sketched in Fig. 9 . On the other hand, the effect of the reaction is the formation of a double layer at the oil-water interface. Its existence has been envisaged by Risenfeld, 37 but its mathematical theory was developed much later ͑cf. Guoy, 38 Chapman, 39 and Debuy and Hükel͒. 40 We refer the reader to these works ͑or standard text on physical chemistry of surfaces 41 ͒ for the details, and below provide just the physical discussion of this theory as applied to our system. For convenience of the subsequent analysis we summarize the relevant electrokinetic constants in Table II. Since the hydrogen cation H ϩ and hydroxyl ion HO Ϫ have the highest mobilities ͑and thus diffusion rates͒, and their recombination rate is much higher than that of anionic surfactant and sodium ion, there is an excess of negative ions, RO Ϫ , in the oil phase and interface and positive ions, Na ϩ , in the water phase, as shown in Fig. 11 . The last process is usually referred to as a polarization of the interface or formation of a double layer. The much lower recombination rate of RO Ϫ and Na ϩ comes from the phenomenon of hydration-formation of a shell of water molecules around sodium ions. Thus, the characteristic reaction rate of the whole system is controlled by the slowest reaction ͑which is a recombination of acid radicals and sodium ions͒ and as a result the properties of the double layer can be determined from the dynamics of these two types of ions. Consider, for definiteness, the water phase. In the steady state the diffusion flux balances the flux driven by electrostatic interactions: where the potential w is governed by the Gauss theorem relating the divergence of the gradient of the electrical potential at a given point to the charge density at that point
In view of the high mobility of C HO Ϫ, one can neglect the concentration variation of these ions in the double layer, so that C Na ϩϪ C HO Ϫ is controlled by the variation of the concentration of sodium ions C Na ϩϪ C HO Ϫϳ C Na ϩ ϱ Ϫ␦C Na ϩ ϪC HO Ϫ ϱ ϩ␦C HO ϪӍ Ϫ␦C Na ϩ, as shown in Fig. 11 . The form of the concentration profile for C Na ϩ follows from the fact that the reaction is diffusion controlled, i.e., ions approaching the interface react instantaneously compared to the characteristic time of diffusion. Therefore, the magnitude of concentration at the interface is close to zero, so that the concentration variation in a double layer ␦C Na ϩϳ C Na ϩ. Taking into account the Einstein relation between diffusion coefficient and mobility D Na ϩϭ ( k B T/e )b Na ϩ, and excluding electric potential variation, one arrives at the following estimates for the double layer thicknesses:
For reference, the average distance between ions in the water
ϳ10 Ϫ8 m, while the average distance between surfactant molecules at the interface
has the following explanation. Estimates ͑36͒ provide just the characteristic length scale, but in reality, the thickness of the double layer is several times greater than just the average distance between ions. Also, the very high surface charge density ⌫ RO ϪN A eϳ1 C/m 2 cannot be neutralized just by h w C Na ϩN A eϳ1.5ϫ10 Ϫ2 C/m 2 , and thus leads to an increase of density of sodium ions Na ϩ in the double layer compared to C Na ϩ ϱ , as sketched in Fig. 11 and a thickening of the double layer. The presence of the double layer at the interface leads to electrostatic dipole-dipole type interactions between the pendant drop of radius R 1 and small droplets of radius R 2 , and between the small droplets themselves. Conceptually we follow the approach of Derjaguin and Landau 42 but accounting for the geometry of interacting objects ͑instead of the planar geometry assumed in Ref. 42͒ . This interaction can be represented as a force between two pairs of concentric hemispheres, each of which carries opposite charges as shown in Fig. 12͑a͒ . Note that the interaction with the furthest pair of hemispheres ͑dashed͒ is significantly weakened in view of high dielectric constant of water and thus omitted in our consideration. Further, each pair of hemispheres can be approximated as a dipole, the moment of which is a product of the double layer thickness and the total charge
The interaction force between two dipoles separated by distance L is therefore
Two major effects in our particular case lead to this force being significant: the high dielectric constant of water increases the thickness of the double layer and therefore its dipole moment, while the low dielectric constant of the oil increases the interaction force between dipoles. 
while the force between droplets should be evaluated for L ϳ4R 2 , as observed in experiments, and yields
The Stokes drag experienced by droplets due to a sideways motion may be estimated from Stokes' law and the experimentally observed velocity as
i.e., comparable with ͑39͒-͑40͒. 43 In this context, the wellorganized droplet motion has the following explanation: the isopotentials of the electric field of the pendant drop, shown in Fig. 12͑b͒ for the case when the tip of the drop is free of surfactant, indicate that the axis corresponds to the local maximum of electric strength EϭϪٌ, so that any charged object will tend to move away from the axis of symmetry in a manner analogous to the behavior of a point mass in unstable maximum of potential energy. Furthermore, the small droplets also experience repulsive interactions, which therefore provide a mechanism selecting the direction of a sideways motion of each droplet. Thus in our system the long range dipole-dipole interaction exhibits itself in a dynamic manner. The static analog of long-range algebraic dipolar interaction is known in two-dimensional colloidal crystals 44 when polystyrene spheres trapped at water-air interface are organized due to dissociation of the sulfonic acid groups and appearance of the dipoles in view of screening water molecules. In other circumstances this mechanism is responsible for the stability of water-in-oil emulsions.
While the outline of the basic mechanism provided here has very sound support, it is based on the assumption of the exclusive role of electrostatic interactions in creating the sideways motion of small droplets. The structure of the double layer suggests another contributing mechanism, however: the Marangoni flow along the interface can convect negative charges, the presence of which in the axial flow will lead to a sideways motion of the bulk. It may also happen that although small droplets carry some excess of positive charge immediately after ejection, it will be neutralized by adsorbing surfactant ions from the bulk.
IV. SUMMARY AND CONCLUSIONS
In this paper we have considered plausible models for the observations in Ref. 1. In particular, the role of Marangoni stresses in driving and sustaining nonlinear periodic motion of a pendant drop is clarified and well supported by: ͑i͒ the existence of self-similar solution for a steady tipstreaming regime and ͑ii͒ the qualitative prediction of the experimentally observed modes of tip-streaming by the relaxation oscillator model embodying the basic Marangoni mechanism. The formation of a spray cone is found to be consistent with the repulsive electrostatic dipole-dipole interactions originating from the ionic nature of the surfactant.
In summary, we would like to emphasize a peculiarity of the phenomena. First of all, the size of the pendant drop is such that the chemical energy generated at the interface is sufficient to drive a significant Marangoni flow, which leads to a pointed conical shape of pendant drop. In view of surface tension boundedness ͑capillary pressure cannot support the dynamic pressure͒ the pointed end emits droplets, the small size of which is explained by the capillary breakup with surfactant gradients. This phenomenon of tip-streaming is a singular removal of the surfactant from the interface responsible for periodicity of the phenomenon. Second, the electrostatic interactions create a specific flow pattern in which repulsion is sufficient to equilibrate with Stokes drag ͑in view of small enough droplet size͒. In closing it should be noted that both conical pendant drop and spray cone formation are dynamic effects as opposed to the well-known static Taylor cone and colloidal crystal formation, 44 the latter of which is also due to dipole-dipole type of interaction as the spray cone pattern in our case. 45, 46 
